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Abstract

A new approach to NO modelling for non-premixed turbulent flames with transported joint probability density function
(PDF) methods was developed. The NO formation rate obtained using a full mechanism is tabulated as a function of
mixture fraction, scalar dissipation rate and NO concentration, thus taking into account backward reactions. The
formation rate is then integrated along particle trajectories, subject to molecular mixing. Validation of the method was
done with the Sandia flame D, for which good results were achieved.

Introduction

As environmental legislation becomes more stringent
and since more than 80% of the primary energy is being
produced by burning fossil fuel [1, 2], it is of increasing
interest to understand and control the mechanisms taking
place in combustion devices, both to increase their effi-
ciency and to mitigate the emitted pollutants. Of special
importance are emissions with strong impact on the envi-
ronment. Nitric oxides (NO,) for example are estimated
to have a global warming potential (GWP) of 295 (i.e.
295 times higher than CO,) over 100 years [3]. The re-
duction of these emissions can be facilitated by accurate
NO production models.

The major challenge of turbulent reactive flow sim-
ulations arises from the huge range of length and time
scales involved in the chemical and flow processes lead-
ing to a set of extremely stiff governing equations. How-
ever, if the chemical time scales are much smaller than
those of the flow, the laminar flamelet approach can be
employed [4, 5, 6]. There it is assumed that the em-
bedded flame structure can be captured by one dimen-
sional laminar flame solutions. For diffusion flames (with
some additional assumptions) these laminar flamelets can
be computed in mixture fraction space and are tabu-
lated (temperature, species mass fractions etc.) as a
function of mixture fraction and scalar dissipation rate.
Flamelet models for non-premixed combustion have been
extremely successful in predicting temperature and major
species concentrations for a broad range of applications,
but their usage for slow reactions (e.g. NO formation [7,
8, 9]) is more problematic, since the time scale associ-
ated with those slow processes are similar or larger than
those of the flow. It was attempted to address this problem
by tabulating the formation rates of these minor species
instead of their equilibrium mass fractions as a function
of mixture fraction and scalar dissipation rate, which can
then be integrated along fluid particle trajectories to ob-
tain the species concentrations [10, 11, 12]. However,
this approach generally leads to an over-prediction of NO
in the downstream region, since backward reactions are
not properly taken into account and hence the NO con-
centration does not drift towards an equilibrium.

* Corresponding author: wild@ifd.mavt.ethz.ch
Proceedings of the European Combustion Meeting 2009

Specific Objectives

In this paper, a new NO formation model for non-
premixed flames is proposed. It is based on the non-
premixed laminar flamelet approach, where the NO-
formation rates are tabulated as a function of not only
the scalar dissipation rate and the mixture fraction, but
also of the NO concentration. The method was tested
within a PDF modelling framework, where a hybrid
finite-volume (FV) / particle Monte Carlo method is em-
ployed to solve the joint velocity-composition-frequency
probability density function (JPDF) transport equation ef-
ficiently [13, 14, 15, 16, 17]. A simulation study with the
Sandia flame D [18] was performed to show the validity
of the NO formation model.

PDF Modelling Framework

Our model was implemented in the hybrid finite vol-
ume / particle Monte Carlo PDF code PDF2DFV [19].
The Reynolds averaged Euler (RAE) equations with an
energy source term, i.e.
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are solved simultaneously together with the modelled
joint fluctuating velocity-frequency-composition proba-
bility density function equation


wild@ifd.mavt.ethz.ch

o) f |

at ((U P ) - 0U; 8 o (1 0)
<;> ax; (¢0) ’)aiipvif
_ %((; i)Qv, o) f+ Cokﬂag%() @)
_ a\ia (<D];’;“ 0.¥:x, t><p)f)
8%(<D“’ v,0,¥;x, t>(p)f) :

where the simplified Langevin model (SLM) is em-
ployed [20].

The variables p, U, E;, hy and p represent fluid den-
sity, flow velocity, sensible total energy, sensible enthalpy

and pressure, respectively. The operators (|-}, (-) and ™~

denote conditional expectations, Reynolds and Favre av-
eraged quantities, and f is the joint PDF of the fluctuating
velocity u = U — U, the turbulence frequency w and the
composition ®,. The independent variables v, ® and ¥,
are the sample space coordinates of u, w and @,, respec-
tively. The model constant Cy is set to 2.13. In the hybrid
solution algorithm, the mass density function ¥ = (p) f
is represented by a cloud of many particles, which are
evolved consistently in the x-v-@-¥-space [19].

The right hand sides of Egs. (2) and (3), the turbulent
kinetic energy k = u;u;/2 and the conditional frequency
Q = Cq{pw|® > w)/{p) can be computed from ¥ . The
conditional expectation <Dq)" ,0,¥:x, t> describes the
average “velocity” in composition space due to chemi-
cal reactions and molecular diffusion. While the former
appears in closed form, the latter is described with a mix-
ing model; here with the interaction by exchange with
the mean (IEM) model [21] with the model constant Cy
set to the increased value of 2.5 (compared to the stan-
dard value of 2.0 for inert flows). To close the condi-
tional expectation <DD—“;| v,0,¥;x, t>, the Gamma distri-
bution model [20, section 12.5.3] is used.

Such a joint PDF method has the advantage that tur-
bulent convection and the reaction source term appear in
closed form and with this hybrid solution algorithm the
PDF transport equation can be solved quite efficiently.

Combustion Modelling

To calculate the statistics of the embedded flame
structure, the laminar flamelet approach is combined with
the PDF method described above. The flame tables are
computed using the open source software Cantera [22]
with the reaction mechanisms GRI 2.11 and GRI 3.0 [23].
However, as discussed in the introduction, such flamelet
modelling relies on scale separation, which is not justi-
fied for some of the slow reactions responsible for NO
production. Here, a new and efficient modelling approach
for NO formation in non-premixed turbulent flames is de-
scribed.

It is assumed that for a given scalar dissipation rate
diffusion and chemistry are in equilibrium for all species
other than NO. This is based on the assumption that NO
is formed much slower than the other species and that the
radical concentrations are insensitive to the NO mech-
anism. Evidence for the latter assumption comes from
studies with humid air at 2300 K. These have shown that
NO production affects the OH concentration only by a
few percent and the same is true for other radicals.

In existing diffusion flamelet models, the NO source
term is tabulated as a function of mixture fraction and
scalar dissipation rate [10, 11, 12, 24]. However, such
models predict an NO formation rate independent of
the NO level, which is wrong and leads to an over-
prediction; primarily in regions far downstream of the
flame. Chou et al. [25] proposed a model where the
NO formation is proportional to the NO concentration.
This assumption, however, is only valid for simplified NO
chemistry.

We developed a new approach in which the NO for-
mation rate is not only tabulated as a function of mixture
fraction and scalar dissipation rate, but also depends on
the NO concentration. With this model, the NO concen-
tration drifts to an equilibrium value, which is consistent
with the reality, but in contrast to existing approaches.
In the context of our PDF simulations (which delivers the
joint mixture fraction, scalar dissipation rate, NO concen-
tration statistics), the NO concentration of a Lagrangian
particle evolves according to the IEM mixing model and
the tabulated formation rate. Note that the latter depends
on the particle’s mixture fraction, scalar dissipation rate
and the NO concentration. All other species mass frac-
tions and the enthalpy depend on the mixture fraction
and the scalar dissipation rate only and are obtained from
conventional flamelet-table look-ups. The computational
cost of this method is only marginally higher than that
of classical diffusion flamelet models, which is primarily
due to an additional time step restriction imposed by the
NO formation rate.

To obtain the NO source term, the stationary flamelet
equation is solved at various scalar dissipation rates.
Since the other species and the temperature are virtually
insensitive to NO variations, it is justified to vary the NO
concentration independently. Thus it is straight forward
to extract realistic NO formation rates from a converged
stationary flamelet solution for a wide range of NO con-
centrations by artificially imposing the NO mass fraction
and then extracting the corresponding NO formation rate.
Figure 1 shows the strong dependence of the NO source
term on the NO concentration for a stationary flamelet
solution which has been computed for the Sandia flame
D case using the GRI 2.11 (top) and GRI 3.0 (bottom)
mechanisms at a scalar dissipation rate of y = 0.1s~!
One can observe a large discrepancy between the solu-
tions obtained with the two mechanisms. It was shown
previously [26] that the GRI 3.0 mechanism significantly
over-predicts NO production, albeit it exhibits a better



overall performance. The flame kinetics is almost iden-
tical for both mechanisms. This is the reason why only
the GRI 2.11 mechanism was employed for the following
validation study.
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Figure 1: NO formation rate Yno as a function of mixture fraction and
NO mass fraction extracted from a stationary flamelet solution using the
GRI 2.11 (top) and GRI 3.0 (bottom) mechanisms.

Results and Discussion

To test our new model for NO formation in non-
premixed turbulent flames, the Sandia National Laborato-
ries flame D [18] was considered. It is a piloted jet flame
with a jet diameter of d = 7.2 mm, which has a low degree
of local extinction. Temperature and velocity fields were
computed by the hybrid PDF method mentioned above
combined with a simple flamelet model [4, 5, 6]. NO
formation was obtained from the model presented in the
previous section. Both flamelet and NO formation tables
were calculated with Cantera and the GRI 2.11 mech-
anism. In the PDF simulation, the NO formation was
computed for each particle according to the tabulated for-
mation rates. Note that mixture fraction, scalar dissipa-
tion rate and the NO concentration are particle proper-
ties. Molecular mixing of NO and mixture fraction is de-
scribed by the IEM mixing model. We used 60 cells both
in axial and radial direction with strong refinement near

the symmetry axis and at the inlet. In average 30 compu-
tational particles were employed per cell. The relatively
low number of particles is compensated by employing a
moving time-averaging method.

Figures 2, 3, 4 and 5 show radial profiles of the mean
axial velocity U, the mean temperature 7, the mean mix-
ture fraction Z and the RMS mixture fraction Zryms, re-
spectively, at four downstream positions. The lines rep-
resent the PDF simulation results and the symbols are
measured data points [18]. As can be seen, the agree-
ment with the experimental data is very good for all the
quantities at all downstream positions. Only at x/d = 45
the mean temperature, the mean mixture fraction and
the RMS mixture fraction are slightly over-predicted,
whereas the axial velocity is under-predicted.
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Figure 2: Radial profiles of the mean axial velocity U at various down-
stream positions, showing the results obtained with the hybrid PDF
method (solid line) and the experimental data points (symbols).

Radial profiles of the RMS temperature Trys are de-
picted in Fig. 6. It can be observed that the general shape
is captured well. The extrema, however, deviate from the
experimental results. Near the centre-line Trys is over-
predicted at the first three downstream positions, whereas
the profile is shifted away from the symmetry axis at
x/d = 45.

In Figures 7, 8 and 9 radial profiles of the Reynolds
stresses uu, vv and uv are displayed. It can be seen that
the peak value of uu is under-predicted at the downstream
positions x/d = 7.5 and x/d = 15, but then is too high at
x/d = 30. The peak value of vv is slightly over-predicted
at all downstream positions and at x/d = 30 and x/d = 45
the profile is too narrow. Lastly, uv matches the experi-
mental data well at the first two downstream positions,
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Figure 3: Radial profiles of the mean temperature T at various down- Figure 5: Radial profiles of the RMS mixture fraction Zrys at vari-
stream positions, showing results obtained with the hybrid PDF method ~ ous downstream positions, showing the results obtained with the hybrid
(solid line) and the experimental data points (symbols). PDF method (solid line) and the experimental data points (symbols).
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Figure 4: Radial profiles of the mean mixture fraction Z at various Figure 6: Radial profiles of the RMS temperature Trys at various
downstream positions, showing the results obtained with the hybrid ~ downstream positions, showing results obtained with the hybrid PDF
PDF method (solid line) and the experimental data points (symbols). method (solid line) and the experimental data points (symbols).



but over-predicts the peak value at x/d = 30 and the pro-
file is also shifted towards the centre-line. At x/d = 45
the peak value matches the experimental data again, but
the profile still shows an offset towards the centre-line.
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Figure 7: Radial profiles of the uu Reynolds stress at various down-
stream positions, showing the results obtained with the hybrid PDF
method (solid line) and the experimental data points (symbols).

In Fig. 10, radial NO profiles at the same downstream
positions are depicted. Again, the solid lines are the PDF
simulation results using the NO formation model pre-
sented in this paper and the symbols mark the experi-
mental data. The dashed line represents the results re-
ported by Wang et al. [27], who used a hybrid finite vol-
ume / composition PDF method combined with an eddy
viscosity turbulence model (multi-time-scale k-¢ [28]). In
their simulations the flow was modeled by solving the
parabolized Navier-Stokes (PNS) equations [29], where
only the axial momentum equation was solved; the ra-
dial component was deduced from the continuity equa-
tion. The joint scalar PDF transport equation was solved
using the node-based Monte Carlo particle method de-
veloped by Pope [30], where the transport in radial direc-
tion due to turbulent fluctuations was closed by the gra-
dient diffusion assumption [31, 32]. In their studies, the
GRI 3.0 reaction mechanism was integrated for each indi-
vidual particle and radiative heat transfer was neglected.
For molecular mixing, the Euclidean minimum spanning
tree (EMST) [33] mixing model was employed. The plots
in Fig. 10 show that our new approach, which is compu-
tationally much cheaper than the one used by Wang et al.,
gives comparable results. One can observe that our NO
mass fraction results are invariably too high by a factor
of 2, which we find to be quite remarkable. For illus-
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Figure 8: Radial profiles of the vv Reynolds stress at various down-
stream positions, showing the results obtained with the hybrid PDF
method (solid line) and the experimental data points (symbols).
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Figure 9: Radial profiles of the uv Reynolds stress at various down-
stream positions, showing the results obtained with the hybrid PDF
method (solid line) and the experimental data points (symbols).
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It remains to be mentioned that the method presented
in this paper has similarities to progress variable ap-
proaches for non-premixed combustion in conventional
finite volume methods and therefore this new approach
should be applicable for such frameworks.
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