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Abstract

Turbulent reactive ow calculations are an important elélapplication for transported probability density functio
(PDF) methods since turbulent convection and reactioncgoi@rm appear in closed form. Usually, the high dimen-
sional PDF transport (i.e. Fokker-Planck) equation is nica#y solved with a particle Monte Carlo method. The
notional particles represent the Eulerian PDF of the uidperties at each point in space and time and their spatial
and temporal evolution is described by stochastiedential equations (SDE). The integration of SDE's is mudmen
involved than that of ordinary dierential equations. We present a numerical solution dlgaorifor the Langevin
equation, which correctly reproduces the joint statisticgarticle position and velocity.

Introduction ed, see e.g. 11, 12 13, 14, 15, 16]. PDF transport
Stochastic dierential equations are used for model-equations are de ned in a high dimensional space, which
ing various processes in the physical world. Examplemakes it inappropriate to solve them e.g. with a nite
are stock market evolution, molecular dynamics or turbwolume scheme and instead, particle Monte Carlo meth-
lence modeling. SDE's were introduced by Einstein foods are employed. In these methods, the particles are
describing Brownian motion in a uidl]. Following up, treated such that the particle ensemble represents the join
Itd [2] and Stratonovichd] introduced the basic mathe- PDF at any point in space and time. Typically, the mod-
matical methods for the treatment of SDE's. Their namesled PDF transport equation is a Fokker-Planck equation,
stand for the two versions of stochastic calculus used ufrom which stochastic rules can be derived for single uid
til nowadays. The integration of SDE's is much moreparticles. These rules have the form of Langevin equa-
involved than that of ordinary derential equations be- tions, i.e. the evolution of a particle propett) is de-
cause of the non-derentiability of the stochastic terms scribed by
(e.g. the Wiener process).
In this work, we concentrate on a special class of dy(t) = a(Y(t); ydt + b(Y(t); )ydW(t) (1)
SDE's, i.e. the Langevin equations. Originally, they were . ) )
devised by Langevin as a model for Brownian motidh [ W'T[h the given coe cients a(¥,1) and b(Y,t) and the
and later it was found that they can also be applied in dif?//€ner processW(t). _
ferent elds of physics. Here, they are used in probability 't 1S important to notice that very small timescales can
density function (PDF) methods for turbulent ows. t,)e '”VP'Ved in Eq. 1) I_ead|.ng to Severe time step. restric-
Usually, in turbulence modeling the Navier StokedONS: if a common nlte.d| erencing 17 schemg IS em-
(NS) equations are approached by Reynolds averagir'? _yed. Thefocu_s of thls paper lies on_the statl_stlcal evo-
or spatial ltering. Well known examples to close thel ion of the particles in physical and in velocity space.

Reynolds averaged NS (RANS) equation are two equ he aim was tp develop a num(_en_cal schem_e, whlch_ac-
tion models (e.gk k 1) orReynolds stress models curately describes the joint statistics of particle positi

[5, 6, 7, 8, 9]. More general approaches to model tur_amd velocity without time step restriction under the as-

bulent ows are based on transported probability densit?umption_ thaa(Y, 1) a'ndb(Y; yare constanF during atime.
function (PDF) methods. Here, the joint PDF of uid Step. This was achieved by an appropriate construction

properties is computed as a function of time and spac f the stochastic terms in the particle evolution equations

which gives a more complete statistical description of tht " position and fvEIocnya Tlhe derivation (|js bashedfon tEe
ow. Particularly attractive are these methods for reaetiv to integration of the model equations and on the fact that

turbulent ow calculations, since the reaction source ternt1he Wiener process is Gauss'an'
and the convective turbulent transport appear in close A reIatec_J approa_ch was derived by Popg[ Thgre
form. The basic concept of PDF methods for turbulen‘tﬂe Langevin equations for frequency and velocity are
ows was developed by Popel(]. With numerous in- transformed aqd degomposed,l such that the st_ochasnc
ert and reactive ow simulations the concept was veri-Ferms become Iln_ear in the SD,ES' Then th? equations are
integrated analytically to obtain the numerical scheme.
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The main di erence compared with our approach is théNow, a new stochastic process

consideration of the joint statistics of particle positéomd

velocity. G(t) = e*'U(t) (7)
The rst section of this paper gives a short introduc-. . . .

tion to 1td Calculus, which is later used for the derivation” de ned and applying @'s formula to this new process

of our new scheme. Section two explains the integratio%'ves

of the Langevin equations and the construction of the cor- @ @ 1@G

rect stochastic terms. In the result part, the superiofity o dG= @dﬁ @dU(t) + 2@l @u)®: (8

the new scheme compared to a classical second order in-

tegration method is demonstrated. The speci ¢ function ¥) is inserted into Eq.g) for G and

we obtain

Itd Calculus
A short introduction of 1d calculus is given in this

gg:pet_egr_' Ig?;a.deeper understanding and further |nS|ngsqS_ 9)_and 6) are combined and solved fo(t), which
Consider a stochastic procddt) (e.g. velocity of a results in z,

uid particle in one direction) with a PDF (V; t), where U) = Ult)e ®+  be™® Daw(s) (10)

0

d e?'U(t) = aetu(t)dt+ ed'du(t): )

V is the sample space variableldft). A general form of
a stochastic dierential equation fod (t) reads
With Itd's formula, a solution for the non-
M = a(U;t) + b(U;t)M ; (2) di erentiable stochastic procesigt) in Eq. (4) was de-
dt dt rived. The next section explains how this solution can
wherea(U;t) and b(U;t) are drift and diusion coe - De used to construct a numerical integration scheme for
cients and\(t) a Wiener process. The incremeiw/(t)is the computation of the joint position-velocity statistios
an independent Gaussian random variable tahv(t)i particle PDF methods, where a Langevin model is em-
0 (mean) anddW(t)%  dt (variance). Note that for a Ployed for the uctuating velocity.
large ensemble Eq2) describes the evolution of the PDF
f(V;t) as itis speci ed by the PDF transport equation Numerical Integration Scheme
] ] ) 2011, ) We consider a particle system, where each particle has
alv:y = @OV Y + }@b GO : (3) apositionX(t) and a velocity vectoU(t). The evolution
@ o 2 @ of these particle properties is described by the system

Note thatf(V;t) is represented by the ensemble density

in the V-space. The stochastic proceskt) in Eq. ) % = Ui(t) and (112)
is non-continuous in time and therefore the SDE is not dU-t(t) 1 P— dw
di erentiable, i.e. normal rules of calculus do not apply. d—lt =F+-U0, U + D o ; (12)

Here we understand Eg2)(in the sense of &, which
means the coecientsa andb are evaluated at the begin-\yhereE. . andD are forcing term, mean velocity, a

ning of the time interval at = to. ow time scale and the diusion coe cient, respectively.
To illustrate 16's formula, let us consider the integra- For the following derivations, the forcing terfand the
tion of the general Langevin equation mean uid velocityU are set to zero for simplicity but it is
straightforward to include these terms. Figghows three
du(m) = au(tdt+ bdwW(r): (4)  realizations of the process described by H®) (vith F =

The coe cientsa andb are di erent from above and are 0 andU = 0. First, the Langevin equation for the velocity
U(t) is integrated from = totot = to+4t with the method

assumed constant during a time inted&lThey are eval- . X ; .
o . . described in the rst section and we obtain
uated at the beginning of the time step. The integral form 7

of Eq. @) is st btdtp__
a- @ Uito + 4t) = Ui(to)) e ~ + pDe’(S“ 9 dW(9):
z t z t z t to
du(s)= a U(sds+b dwWs)  (5) (13)
0 0 0 The integral of the stochastic term can be written as an

and integration after multiplying wite?! leads to In nite Riemann sum, 1.e.

Z Z, Z Zt°+4tp— X1p

as — as as . De (54 dWi(s) = lim
. e*™dU(s) = a . U(s)e?ds+b . e*>dW(s): o ' N
(6) (14)
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' ' ' ' 5) The correct joint moment$X(to + 4t)U;(to +
] 41)jU(to)i are recovered.
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Next analytical expressions for these moments are de-
t/7 rived from Egs. 15) and (L6) and also from Eqs1({7) and
(18). Then, by comparison, the three cogentsA, Band
Figure 1: Sample path of three realizations of the stoch@sticess C are identi ed. We know that the last terms of Eqs5)
described by Eq.1Q). and (6) are Gaussian random variables, which can be
characterized by their variance and covariance. There-
fore, we rst multiply Eqg. @5) with U;‘*l and take the

From the properties of the incremental Wiener processngitional average. This leads to

(see rst section) it is known tha# W is a Gaussian

random variable with zero mean and a variancdtsiN. uUmly™ijun = unuD e 24t
Therefore we can writd Wiy = (4t=N)12 ., where i b b .
is an independent normalized Gaussian random variable. + o lim X
The last term in Eq.1(3) is replaced by expression4) YN
and the upper de nition fod W is used, which leads to

D%te =1V (19
k=0

whereU" = U(tg) andU™?! = U = U(ty + 4t). Note that

RJ;i ixi = Oandhix jni = i kndue tothe independence
of the random variables. The last term in Eg9)(con-

(15) tains no random number anymore and can be evaluated

The same procedure is applied for the position equaticts

r
AT:
Ui(to+ 4t) = Ui(to)e “ + ,\|‘I|TJT1 DN iK€ ﬂ(l %)
’ k=0

(12) and we obtain » Z 4 ”
u Urtuttjut = Ufule T+ ;) De “dt
Xi(to+4t) =Xi(to) + U(t)) 1 e 10
l- XlrF 1 ﬂ(lk) :UinU?eA‘F ”ED]. eA.
e N B
B VI ! (20)
k=0
(16) From this analytical expression follows that the statisti-
where iy are the same Gaussian random variables as ﬁ‘?‘"y C(_)rrect e\_/olut|0n of the velocity can be described
Eq. (15). by the integration scheme
Now, we propose the solution scheme "
Ui(to + 4t) = Ui(to) e = + pﬂ“- + pEA- (17) r7r1 ﬂ # {
o m e "o url=ule “+ D1 e™ y; (21)
Xito+4t) = Xi(to)+ Uy 1 e + Cha (18) 2

where .y is a further independent, normalized Gaus-
sian random variable. Similarly one obtains the evolution
equation

for the particle evolution, wherd, B andC are coe -
cient to be speci ed and,, and ., normalized Gaussian
random variables. The task is to determiweB andC
such that the following requirements are ful lled:

4t

XM=xt+ Ul 1 e
1) The kinetic energy is preserved. ﬂ”x

5
2) The correct velocity autocorrelatian'= is recov- ) 3 o 1 &'
ered. + D24 - +2e - e X
2 2
3) The correct rst conditional moments$;(ty + (22)

41) jU(to)i andhX(tp + 4t) jU(to)i are recovered. ) .
for the particle position. To account for the correct corre-

4) The correct second conditional moments lation between position and velocity, the analytical ex-
HJi(to+4t)U(to + 41) jU(to)i andhXi(to+ 4t)Xj(to+  pression for the covariance is derived by multiplying
41)jU(to)i are recovered. Eq. (15 with Eg. (16) and by subsequently taking the
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conditional average, which leads to

Xmymjgn = XU e

+ UU e e
1
+ij§D21 e®?: (23)

To keep the statistical error small, in all simulations an
ensemble of 1Dparticles was employed, which were re-
leased atXo = 0. The simulation time was 100n all
cases andt= 2 f0:05;0:1; 0:5; 1.0; 1:.5gwas used.

Ina rstexperiment the eect of the time scale resolu-
tion on the kinetic energy evolution was investigated. The
initial particle velocity distribution was Gaussian with

The three equation(), (22) and @3) are now compared MJiUii = 2ko. In this studyk was evaluated from the
to the corresponding moments calculated from the prévolving particle ensemble after every time step. The

posed particle evolution equationk7f and (8), which
results in the system

A+B:%D 1 e™ =Q (24)
I
t 1 I.
C=D24t 2 +2e% le® -7 (25)
2 2
pE:%Dzl e®? =P (26)
for A, BandC and nally one obtains
My
P W {
2 p2
(28)

a Pz
X=X+ UM 1 e L
Mix

for the statistically correct particle evolution. Notetha

IV'io;u'\/'?;u = MiuMju = jQ ; (29)
MixMix = MixMix = ;T and  (30)
MiyMjx = P: (31)
Further it can be shown that the terf@&T, Q P?=T

andT are all non-negative.

Results

progress ok is depicted in Fig2 for both the new and
the common patrticle integration schemes (FEi¢a) and

Fig. 2(b), respectively). One can observe that the com-
mon scheme does not preserve the kinetic energy for rea-
sonable time step sizes; even fdr= 0:05 the decrease

of k after a simulation time of = 100 is signi cant.

With the new scheme, on the other hakds preserved

up to a small statistical error, fdit as large as:b .
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Validation of the new particle integration scheme is
dor_‘e for non-degaying (forced) homogeneous turbulencgigure 2: Normalized kinetic energy time evolution for (a) thite
To illustrate the improvements of the new scheme, calcuk erencing scheme and (b) the new integration scheme for time step
lations are also performed with the common second ordéf= 2 f0:05; 0:1; 0:5; 1:0; 1:59

nite di erence methodl[7], i.e. with the schemes

4t P— 4
Uin+l — Uin+ _Uin + D4t 1 > and (32)
un+uymt
Xin+l — Xin + %4]: (33)

To conserve the kinetic enerdyy= 0:5HJ;U;i, the di u-
sion coe cient was set to
r

_ 4k,

4
D 3 (34)

4

The goal of the second numerical experiment was to
investigate the accuracy of the predicted conditional mo-
ments. This timek = ky was kept constant trHoughout
the whole simulation antl; att = 0 was 0945 2ky=3
for all computational particles, which were launched at
X1 = 0. Figs.3, 4, 5 and6 show the evolutions of the
conditional moment$X;jU(t = 0)i, hX;X3ju(t = 0)i,
hHJ1U41jU(t = 0)i andhX;U4jU(t = 0)i, respectively. In
particular forhX;jU(t = 0)i andhJ,U4ju(t = Q)i huge
errors can be observed for the common scheme; even for



time steps as small && = =2. Contrariwise, the solu-
tions with the new scheme are exact, independent of the
time step size. A similar statement can be made about the
autocorrelation ofJ,, which is depicted in Fig7. Note

that for the normalization pr the plots in Fig3.- 7 the
reference quantitied,es = = 2ko=3 andL;et = Uies are
employed.

@

@

(b)

Figure 4: Conditioned particle position variance for (ajtendi erenc-
ing scheme and (b) the new integration scheme.
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