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Abstract

Turbulent reactive �ow calculations are an important �eld of application for transported probability density function
(PDF) methods since turbulent convection and reaction source term appear in closed form. Usually, the high dimen-
sional PDF transport (i.e. Fokker-Planck) equation is numerically solved with a particle Monte Carlo method. The
notional particles represent the Eulerian PDF of the �uid properties at each point in space and time and their spatial
and temporal evolution is described by stochastic di� erential equations (SDE). The integration of SDE's is much more
involved than that of ordinary di� erential equations. We present a numerical solution algorithm for the Langevin
equation, which correctly reproduces the joint statisticsof particle position and velocity.

Introduction
Stochastic di� erential equations are used for model-

ing various processes in the physical world. Examples
are stock market evolution, molecular dynamics or turbu-
lence modeling. SDE's were introduced by Einstein for
describing Brownian motion in a �uid [1]. Following up,
Itô [2] and Stratonovich [3] introduced the basic mathe-
matical methods for the treatment of SDE's. Their names
stand for the two versions of stochastic calculus used un-
til nowadays. The integration of SDE's is much more
involved than that of ordinary di� erential equations be-
cause of the non-di� erentiability of the stochastic terms
(e.g. the Wiener process).

In this work, we concentrate on a special class of
SDE's, i.e. the Langevin equations. Originally, they were
devised by Langevin as a model for Brownian motion [4]
and later it was found that they can also be applied in dif-
ferent �elds of physics. Here, they are used in probability
density function (PDF) methods for turbulent �ows.

Usually, in turbulence modeling the Navier Stokes
(NS) equations are approached by Reynolds averaging
or spatial �ltering. Well known examples to close the
Reynolds averaged NS (RANS) equation are two equa-
tion models (e.g.k � � , k � ! ) or Reynolds stress models
[5, 6, 7, 8, 9]. More general approaches to model tur-
bulent �ows are based on transported probability density
function (PDF) methods. Here, the joint PDF of �uid
properties is computed as a function of time and space,
which gives a more complete statistical description of the
�ow. Particularly attractive are these methods for reactive
turbulent �ow calculations, since the reaction source term
and the convective turbulent transport appear in closed
form. The basic concept of PDF methods for turbulent
�ows was developed by Pope [10]. With numerous in-
ert and reactive �ow simulations the concept was veri-
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�ed, see e.g. [11, 12, 13, 14, 15, 16]. PDF transport
equations are de�ned in a high dimensional space, which
makes it inappropriate to solve them e.g. with a �nite
volume scheme and instead, particle Monte Carlo meth-
ods are employed. In these methods, the particles are
treated such that the particle ensemble represents the joint
PDF at any point in space and time. Typically, the mod-
eled PDF transport equation is a Fokker-Planck equation,
from which stochastic rules can be derived for single �uid
particles. These rules have the form of Langevin equa-
tions, i.e. the evolution of a particle propertyY(t) is de-
scribed by

dY(t) = a(Y(t); t)dt + b(Y(t); t)dW(t) (1)

with the given coe� cients a(Y; t) and b(Y; t) and the
Wiener processdW(t).

It is important to notice that very small timescales can
be involved in Eq. (1) leading to severe time step restric-
tions, if a common �nite di� erencing [17] scheme is em-
ployed. The focus of this paper lies on the statistical evo-
lution of the particles in physical and in velocity space.
The aim was to develop a numerical scheme, which ac-
curately describes the joint statistics of particle position
and velocity without time step restriction under the as-
sumption thata(Y; t) andb(Y; t) are constant during a time
step. This was achieved by an appropriate construction
of the stochastic terms in the particle evolution equations
for position and velocity. The derivation is based on the
Itô integration of the model equations and on the fact that
the Wiener process is Gaussian.

A related approach was derived by Pope [18]. There
the Langevin equations for frequency and velocity are
transformed and decomposed, such that the stochastic
terms become linear in the SDE's. Then the equations are
integrated analytically to obtain the numerical scheme.
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The main di� erence compared with our approach is the
consideration of the joint statistics of particle positionand
velocity.

The �rst section of this paper gives a short introduc-
tion to Itô Calculus, which is later used for the derivation
of our new scheme. Section two explains the integration
of the Langevin equations and the construction of the cor-
rect stochastic terms. In the result part, the superiority of
the new scheme compared to a classical second order in-
tegration method is demonstrated.

It ô Calculus
A short introduction of It̂o calculus is given in this

chapter. For a deeper understanding and further insights
see e.g. [19, 20].

Consider a stochastic processU(t) (e.g. velocity of a
�uid particle in one direction) with a PDFf (V; t), where
V is the sample space variable ofU(t). A general form of
a stochastic di� erential equation forU(t) reads

dU(t)
dt

= a(U; t) + b(U; t)
dW(t)

dt
; (2)

wherea(U; t) and b(U; t) are drift and di� usion coe� -
cients andW(t) a Wiener process. The incrementdW(t) is
an independent Gaussian random variable withhdW(t)i �
0 (mean) andhdW(t)2i � dt (variance). Note that for a
large ensemble Eq. (2) describes the evolution of the PDF
f (V; t) as it is speci�ed by the PDF transport equation

@f (V; t)
@t

= �
@a(U; t) f (V; t)

@V
+

1
2

@2 b2(U; t) f (V; t)
@V2

: (3)

Note that f (V; t) is represented by the ensemble density
in the V-space. The stochastic processW(t) in Eq. (2)
is non-continuous in time and therefore the SDE is not
di� erentiable, i.e. normal rules of calculus do not apply.
Here we understand Eq. (2) in the sense of It̂o, which
means the coe� cientsa andb are evaluated at the begin-
ning of the time interval att = t0.

To illustrate It̂o's formula, let us consider the integra-
tion of the general Langevin equation

dU(t) = � aU(t)dt + bdW(t): (4)

The coe� cientsa andb are di� erent from above and are
assumed constant during a time intervaldt. They are eval-
uated at the beginning of the time step. The integral form
of Eq. (4) is

Z t

0
dU(s) = � a

Z t

0
U(s)ds+ b

Z t

0
dW(s) (5)

and integration after multiplying withea t leads to
Z t

0
ea sdU(s) = � a

Z t

0
U(s) ea sds+ b

Z t

0
ea sdW(s) :

(6)

Now, a new stochastic process

G(t) = ea tU(t) (7)

is de�ned and applying It̂o's formula to this new process
gives

dG =
@G
@t

dt +
@G
@V

dU(t) +
1
2

@2G
@V2

(dU(t))2 : (8)

The speci�c function (7) is inserted into Eq. (8) for G and
we obtain

d
�
ea tU(t)

�
= a ea tU(t) dt + ea tdU(t) : (9)

Eqs. (9) and (6) are combined and solved forU(t), which
results in

U(t) = U(t0)e� at +
Z t

0
bea(s� t)dW(s) : (10)

With Itô's formula, a solution for the non-
di� erentiable stochastic processU(t) in Eq. (4) was de-
rived. The next section explains how this solution can
be used to construct a numerical integration scheme for
the computation of the joint position-velocity statisticsin
particle PDF methods, where a Langevin model is em-
ployed for the �uctuating velocity.

Numerical Integration Scheme

We consider a particle system, where each particle has
a positionX(t) and a velocity vectorU(t). The evolution
of these particle properties is described by the system

dXi(t)
dt

= Ui(t) and (11)

dUi(t)
dt

= Fi +
1
�

�
Ũi � Ui

�
+

p
D

dWi

dt
; (12)

whereF, Ũ, � andD are forcing term, mean velocity, a
�ow time scale and the di� usion coe� cient, respectively.
For the following derivations, the forcing termF and the
mean �uid velocityŨ are set to zero for simplicity but it is
straightforward to include these terms. Fig.1 shows three
realizations of the process described by Eq. (12) with F =
0 andŨ = 0. First, the Langevin equation for the velocity
U(t) is integrated fromt = t0 to t = t0+4t with the method
described in the �rst section and we obtain

Ui(t0 + 4t) = Ui(t0) e� 4t
� +

Z t0+4t

t0

p
D e

1
� (s�4 t) dWi(s):

(13)
The integral of the stochastic term can be written as an
in�nite Riemann sum, i.e.

Z t0+4t

t0

p
D e

1
� (s�4 t) dWi(s) = lim

N!1

N� 1X

k=0

p
D e� 4t

� (1� k
N )4Wi;k :

(14)
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Figure 1: Sample path of three realizations of the stochasticprocess
described by Eq. (12).

From the properties of the incremental Wiener process
(see �rst section) it is known that4Wi;k is a Gaussian
random variable with zero mean and a variance of4t=N.
Therefore we can write4Wi;k = (4t=N)1=2 � i;k, where� i;k

is an independent normalized Gaussian random variable.
The last term in Eq. (13) is replaced by expression (14)
and the upper de�nition for4Wi;k is used, which leads to

Ui(t0 + 4t) = Ui(t0) e� 4t
� + lim

N!1

N� 1X

k=0

r

D
4t
N

� i;ke� 4t
� (1� k

N ) :

(15)
The same procedure is applied for the position equation
(11) and we obtain

Xi(t0 + 4t) =Xi(t0) + � U(t0)
�
1 � e� 4t

�

�

+ lim
N!1

N� 1X

k=0

r

D
4t
N

� i;k�
�
1 � e� 4t

� (1� k
N )

�
;

(16)

where� i;k are the same Gaussian random variables as in
Eq. (15).

Now, we propose the solution scheme

Ui(t0 + 4t) = Ui(t0) e� 4t
� +

p
A�̂ i;1 +

p
B�̂ i;2 (17)

Xi(t0 + 4t) = Xi(t0) + � Ui

�
1 � e� 4t

�

�
+

p
C �̂ i;1 (18)

for the particle evolution, whereA, B andC are coe� -
cient to be speci�ed and̂� i;1 and�̂ i;2 normalized Gaussian
random variables. The task is to determineA, B andC
such that the following requirements are ful�lled:

1) The kinetic energy is preserved.

2) The correct velocity autocorrelatione� t=� is recov-
ered.

3) The correct �rst conditional momentshUi(t0 +
4t) j U(t0)i andhXi(t0 + 4t) j U(t0)i are recovered.

4) The correct second conditional moments
hUi(t0 + 4t)U j(t0 + 4t) j U(t0)i andhXi(t0 + 4t)X j(t0 +
4t) j U(t0)i are recovered.

5) The correct joint momentshXi(t0 + 4t)U j(t0 +
4t) j U(t0)i are recovered.

Next analytical expressions for these moments are de-
rived from Eqs. (15) and (16) and also from Eqs. (17) and
(18). Then, by comparison, the three coe� cientsA, Band
C are identi�ed. We know that the last terms of Eqs. (15)
and (16) are Gaussian random variables, which can be
characterized by their variance and covariance. There-
fore, we �rst multiply Eq. (15) with Un+1

j and take the
conditional average. This leads to



Un+1

i Un+1
j j Un�

=


Un

i Un
j
�
e� 24t

�

+ � i j lim
N!1

N� 1X

k=0

D
4t
N

e� 24t
� (1� k

N ) ; (19)

whereUn = U(t0) andUn+1 = U = U(t0 + 4t). Note that
hUi � i;ki = 0 andh� i;k� j;hi = � i j � kh due to the independence
of the random variables. The last term in Eq. (19) con-
tains no random number anymore and can be evaluated
as



Un+1

i Un+1
j j Un�

=


Un

i Un
j
�
e� 24t

� + � i j

Z 4t

0
D e� 2t

� dt

=


Un

i Un
j
�
e� 24t

� + � i j
1
2

� D
�
1 � e� 24t

�

�
:

(20)

From this analytical expression follows that the statisti-
cally correct evolution of the velocityU can be described
by the integration scheme

Un+1
i = Un

i e� 4t
� +

Mi;Uz                       }|                        {
"
1
2

� D
�
1 � e� 24t

�

�#1
2

� i;U ; (21)

where � i;U is a further independent, normalized Gaus-
sian random variable. Similarly one obtains the evolution
equation

Xn+1
i =Xn

i + � Un
i

�
1 � e� 4t

�

�

+

Mi;Xz                                                }|                                                 {s

D� 2

 
4t �

3
2

� + 2� e� 4t
� �

1
2

� e� 24t
�

!
� i;X

(22)

for the particle position. To account for the correct corre-
lation between position and velocity, the analytical ex-
pression for the covariance is derived by multiplying
Eq. (15) with Eq. (16) and by subsequently taking the
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conditional average, which leads to



Xn+1

i Un+1
j j Un�

=


Xn

i Un
j
�
e� 4t

�

+ �


Un

i Un
j
� �

e� 4t
� � e� 24t

�

�

+ � i j
1
2

D � 2
�
1 � e� 4t

�

�2
: (23)

The three equations (20), (22) and (23) are now compared
to the corresponding moments calculated from the pro-
posed particle evolution equations (17) and (18), which
results in the system

A + B =
1
2

D �
�
1 � e� 24t

�

�
= Q (24)

C = D� 2
 
4t �

3
2

� + 2� e� 4t
� �

1
2

� e� 24t
�

!
= T (25)

p
AC =

1
2

D � 2
�
1 � e� 4t

�

�2
= P (26)

for A, B andC and �nally one obtains

Un+1
i = Un

i e� 4t
� +

M
0
i;Uz                            }|                             {r

P2

T
� i;1 +

r

Q �
P2

T
� i;2 (27)

Xn+1
i = Xn

i + � Un
i

�
1 � e� 4t

�

�
+

p
T � i;1|   {z   }
M0

i;X

(28)

for the statistically correct particle evolution. Note that



M

0

i;U M
0

j;U
�

=


Mi;U M j;U

�
= � i j Q ; (29)



M

0

i;XM
0

j;X
�

=


Mi;XM j;X

�
= � i j T and (30)



M

0

i;U M
0

j;X
�

= P: (31)

Further it can be shown that the termsP2=T, Q � P2=T
andT are all non-negative.

Results

Validation of the new particle integration scheme is
done for non-decaying (forced) homogeneous turbulence.
To illustrate the improvements of the new scheme, calcu-
lations are also performed with the common second order
�nite di � erence method [17], i.e. with the schemes

Un+1
i = Un

i +
�
�

4t
�

Un
i +

p
D4t � i

� �
1 �

4t
2�

�
and (32)

Xn+1
i = Xn

i +
Un

i + Un+1
i

2
4t : (33)

To conserve the kinetic energyk = 0:5hUiUi i , the di� u-
sion coe� cient was set to

D =

r
4
3

k
�

: (34)

To keep the statistical error small, in all simulations an
ensemble of 106 particles was employed, which were re-
leased atX0 = 0. The simulation time was 100� in all
cases and4t=� 2 f0:05;0:1;0:5;1:0;1:5gwas used.

In a �rst experiment the e� ect of the time scale resolu-
tion on the kinetic energy evolution was investigated. The
initial particle velocity distribution was Gaussian with
hUiUi i = 2k0. In this study,k was evaluated from the
evolving particle ensemble after every time step. The
progress ofk is depicted in Fig.2 for both the new and
the common particle integration schemes (Fig.2(a) and
Fig. 2(b), respectively). One can observe that the com-
mon scheme does not preserve the kinetic energy for rea-
sonable time step sizes; even for4t = 0:05� the decrease
of k after a simulation time oft = 100� is signi�cant.
With the new scheme, on the other hand,k is preserved
up to a small statistical error, for4t as large as 1:5� .

(a)

(b)

Figure 2: Normalized kinetic energy time evolution for (a) the�nite
di� erencing scheme and (b) the new integration scheme for time steps
4t=� 2 f0:05; 0:1; 0:5; 1:0; 1:5g.

The goal of the second numerical experiment was to
investigate the accuracy of the predicted conditional mo-
ments. This time,k = k0 was kept constant throughout
the whole simulation andU1 at t = 0 was 0:945

p
2k0=3

for all computational particles, which were launched at
X1 = 0. Figs.3, 4, 5 and6 show the evolutions of the
conditional momentshX1jU(t = 0)i , hX1X1jU(t = 0)i ,
hU1U1jU(t = 0)i andhX1U1jU(t = 0)i , respectively. In
particular forhX1jU(t = 0)i andhU1U1jU(t = 0)i huge
errors can be observed for the common scheme; even for

4



time steps as small as4t = �=2. Contrariwise, the solu-
tions with the new scheme are exact, independent of the
time step size. A similar statement can be made about the
autocorrelation ofU1, which is depicted in Fig.7. Note
that for the normalization of the plots in Figs.3 - 7 the
reference quantitiesUre f =

p
2k0=3 andLre f = Ure f � are

employed.

(a)

(b)

Figure 3: Mean particle position in x-direction conditioned on the ini-
tial particle velocity for (a) �nite di� erencing scheme and (b) the new
integration scheme.

Conclusions
This paper deals with the accurate integration of parti-

cle position and velocities in a Monte Carlo PDF method,
where a Langevin equation is employed to model the �uc-
tuating velocities. Besides spatially resolving the sta-
tistical moments, which appear in the particle evolution
equations, it is crucial to honor the involved time scales
appropriately with the time stepping scheme (e.g., if lo-
cal time stepping is employed,� may be much smaller
than the time step size). Based on Itô calculus and Rie-
mann sums a statistically exact integration scheme is de-
vised. Numerical studies of forced homogeneous tur-
bulence demonstrate the superiority of the new scheme
compared with a standard second order scheme of �nite
di� erence type. The results also con�rm that the solu-
tions with the new method are statistically exact indepen-
dent of the time step size. Moreover, it can be said that the
computational costs of the two schemes are comparable.

(a)

(b)

Figure 4: Conditioned particle position variance for (a) �nite di� erenc-
ing scheme and (b) the new integration scheme.
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(a)

(b)

Figure 6: Conditioned particle position-velocity covariance for (a) �nite
di� erencing scheme and (b) the new integration scheme.

(a)

(b)

Figure 7: Autocorrelation of the particle velocity in x-direction for (a)
�nite di � erencing scheme and (b) the new integration scheme.
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